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The skin effect and topological edge states in non-Hermitian system have already been well studied
in much previous work, while the second-order non-Hermitian edge states and skin effect have
also been proposed recently. We deduce the hybrid skin-topological modes as well as second-order
topological edge states in a rigorous manner, for which we construct a nested tight-binding formalism
in this paper. We also illustrate that the second-order skin effect is original from the existence
of both two direction first-order skin effect which is original from loop topology of the complex
energy spectrum under periodic boundary condition. Similarly, the hybrid skin-topological mode is
generated by skin effect and localized edge states for each of two directions respectively, while the
second-order topological edge states induced by localized edge states along both two directions.
I. INTRODUCTION
Beyond the conventional hotspot on topolog-
ical insulators and superconductors[1–8] and their
classification[9–17]in condensed physics last decades,
it rapidly ramifies into two patulous fields which in-
volves higher-order topological phases[18–36]and non-
Hermitian topological systems[37–55]in recent years. An
n-th order topological insulator which is original from the
topological crystalline insulators has topologically pro-
tected gapless states at the n-codimension surfaces[18,
31], but is gapped otherwise. For example, a second-
order topological insulator in two dimensions has zero
energy states at corners but a gapped bulk. Mean-
while the gapless edge states, the significant symbol
of the first-order topological phase, are absent. Non-
Hermitian Hamiltonian describes the wide applications
of open system [56–61] and realizable system of gain and
loss[62–73] such as photonic and phonons systems etc.
Of all properties in non-Hermitian systems, the excep-
tional points[42, 48, 74] at which many complex bands
coalesce and the skin effect[44, 45, 49, 52] with localized
bulk modes are the most intriguing focus. In addition,
the combination of higher-order and non-Hermitian has
also been studied[75–78] and two extremely novel states
has been proposed that is the second-order skin(SS) and
skin-topological(ST) state[77].
The abundant localized behavior in first-order non-
Hermitian system exploits more possible second-order lo-
calized states. The interplay between two direction with
topological edge states and skin bulk naturally induces
three types second-order corner localized behavior corner
states: topological-topological(TT), topological-skin(ST
or TS), skin-skin(SS), which has been numerically pro-
posed in Ref[77] and extended to higher-order behavior.
We declare here that the nonzero edge states is not topo-
logical protected in 1D system but they still contributes
to the second-order corner states, hence we identify the
protected zero edge states and nonzero edge states iso-
lated from continuous bulk when we search the second-
order corner states. In this sense, the defined noun for
ST and TT[77] is suitable. In principle, after understand-
ing clearly the first and second-order topological insulator
behavior, the higher-order case can be obtained by induc-
tion, merely more and more complicated to be strictly
unanalysable but can be left for numerical calculation.
Hence we only concentrate on the second-order corner
localized behavior in this paper.
In this paper, we will rigorously depict the second-
order topological(TT) and hybrid skin-topological(ST)
corner modes. We will illustrate this based on the nested
tight-binding formalism which is a direct dialog to the
generic tight-biding model on hand without any addi-
tional annexing agent. The paper is organized as fol-
lows. In section.II, we will revive the topological original
of the first skin effect in previous work, and then elicit
the second-order skin(SS) effect for a simplest 2D model.
In section.III , We will construct the rigorous general
formalism of nested tight-binding formalism. Using this
method, we will analyse the four-band model proposing
in Ref. [77] and a novel two-band model[78] to investi-
gate the TT and ST corner modes. Finally, we will draw
a conclusion and discuss in section.IV.
II. WINDING NUMBER AND SECOND-ORDER
SKIN EFFECT
The n-th order topological insulator in d-
dimensional system is featured by the topologically
protected gapless states at the n-codimension surfaces
when we take n-directions open boundary condi-
tion(OBC) and the remain (d − n)-directions periodic
boundary condition(PBC). It indicates that the n-th
order topological insulators with arbitrary dimension
are all ascribed to n-dimensional Hamiltonian with
full-OBC. The remain (d − n) parallel momentums
k′‖s in d-dimensional system are just viewed as the
parameters generating the hinge or higher dimensional
direction for n-th order topological edge states. Given
this, we merely need consider a 2D Hamiltonian for
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2second-order skin and topological phases, for which we
will propose the nested tight-binding method to depict
this universally in section.III .
A. Winding number and first-order non-Hermitian
skin effect
The first-order skin effect originated from intrin-
sic non-Hermitian point gap topology[52] is decided by
winding number of the complex energy contour for a 1D
Hamiltonian. For simplicity, we will refer the skin effect
and edge states to the first-order status and indicate the
order for higher-order status hereinafter. We emphasize
that the winding number for skin effect is different from
that for edge states, which characterizing the topologi-
cal protected edge states at 2n-dimensional surface for a
(2n + 1)-dimensional Hamiltonian comes from a homo-
topy map: BZ2n+1 → U(N)
W2n+1 =
n!
(2pii)n+1(2n+ 1)!
∫
BZ2n+1
tr(H−1dH)2n+1
(1)
However, the skin effect winding number is always W1 for
a 1D Hamiltonian, which only character the skin effect
for fixed (d− 1)-dimensional parallel momentum for a d-
dimensional system. In addition, the skin effect winding
number is vanishing for Hermitian Hamiltonian since the
energy spectrum is always real in complex plane. No-
tice that, the topological winding number characteriz-
ing the edge states for a 1D chiral symmetric Hermitian
Hamiltonian Hh is actually the winding of the chiral non-
Hermitian block Hamiltonian
Wh1 =
1
2pii
∫ 2pi
0
dk
d
dk
log det[h(k)] Hh =
[
0 h(k)
h†(k) 0
]
(2)
In conclusion, the non-Hermitian skin effect of a 1D
Hamiltonian is original from the point gap topology[52],
for which the characteristic topological invariant is the
winding number of the PBC complex spectrum around
the reference skin mode point E, while the topology of
edge states inhering from Hermitian counterpart is dif-
ferent from that for skin effect
W (E) =
1
2pii
∫ 2pi
0
dk
d
dk
log det[H(k)− E] (3)
It reveals that the nontrivial topology is due to the PBC
not OBC spectrum for the point gap, since the OBC spec-
trum is arcs in complex plane inducing vanishing wind-
ing number. In addition, the value of winding number
W (E) counts the skin modes degeneracy at reference en-
ergy E[54].
In general, we should calculate winding num-
ber by adding all the winding number of multiply
bands(Riemann energy spectrum sheet) with multiply
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FIG. 1. (a)The complex energy spectrum for non-Hermitian
SSH model with t1 = 0.8, t2 = 1, γ = 4/3, in which the cyan
and orange loop is energy spectrum under PBC while black
line and point OBC. The complex energy spectrum for two
band model Eq.5 with t0 = 1, t− = 2, t+ = 1, w0 = 1, w− =
1, w+ = 3, c = 1 for (b) and t0 = 1, t− = 2, t+ = 1, w0 =
−1, w− = 1, w+ = 3, c = 1 for (c), in which the orange loops
are energy spectrums under PBC respect E±(k) while black
line and point OBC.
Brillouin zones
W (E) =
1
2pii
q∑
µ=1
∫ 2pi
0
dk
d
dk
log[Eµ(k)− E] (4)
The Brillouin zones are degenerated at |k| = 1 for PBC,
while the generalized Brillouin zones(GBZs) are not de-
generated in general cases[79] (see Appendix.A).
As a typical model, the energy spectra of non-
Hermitian SSH model HnSSH(k) = (t1 + t2 cos k)σx +
(t2 sin k+ iγ/2)σy[44] under PBC sketches two Riemann
sheet with ± square of Hamiltonian E±(k) and each sheet
encircles half loop(cyan and orange loop in Fig. 1(a)) of
the energy spectrum deducing the winding number for
each skin mode energy Es(points on the black line in
3Fig. 1(a))
W (Es) = W
+(Es) +W
−(Es) = 1
Therefore each point on the black line in Fig 1(a) which is
divided into two Riemann sheets located in the both side
of imaginary axis is the eigenenergy of one skin mode re-
spect to Hamiltonian under OBC except the origin point
which cotains two degenerated edge modes.
Another example has two completely separated
bands[79] whose Hamiltonian is
H2(k) =
[
t0 + t−e−ik + t+eik c
c w0 + w−e−ik + w+eik
]
(5)
The two energy bands(Riemann sheets) are E±(k) =
h+(k)±
√
c2 + h2−(k) with h±(k) = (h1(k)±h2(k))/2 and
h1(k) = t0 + t−e−ik + t+eik, h2(k) = +w−e−ik + w+eik.
We plot the energy spectrum in Fig. 1(b)(c) in which
the spectra under PBC is ploted as orange loops respect
E±(k) while OBC black. The skin modes(black lines)
only exists in the area with non-vanishing winding num-
ber.
B. The second-order skin effect
Consider the simplest 2D non-Hermitian model[77]
possessing second-order skin effect, whose Hamiltonian
in momentum space is
H2D(~k) = t
x
+e
−ikx + tx−e
ikx + ty+e
−iky + ty−e
iky (6)
where tx,y± = t
x,y±γx,y are the nonreciprocal hopping in-
ducing non-Hermicity. This Hamiltonian respects time-
reversal symmetry(TRS) TH2D(−~k)T−1 = H2D(~k) with
T = K the complex conjugation operator. The point
gap reality with T 2 = 1 imposes H2D belonging to AI
class[9, 14], which is topological trivial for d = 2 re-
sulting in the absence of first-order edge states. It fol-
lows that the pure first and second-order skin effect are
not protected by the conventional topological invariant
consisting with the edge states but protected by the
topology of point gap itself. We emphasize here that
the skin modes are continuous bulk part of energy spec-
trum while edge states are isolated from the bulk, from
which they are topologically irrelevant in a sense but
the topological invariant protecting edge states is cal-
culated from the skin bulk bands deducing the modified
bulk-boundary correspondence[50] in non-Hermitian sys-
tem. We illustrate the second-order skin effect of this
model in Fig. 2: the full-OBC energy spectrum(blue) lies
inside x-OBC/y-PBC energy spectrum(orange) lying in-
side double-PBC energy spectrum(cyan) for varying ky
with 3D and 2D plot in (a) and (b) respectively. The
loop(Fig.2(c)) projected from varying ky complex energy
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FIG. 2. Complex energy spectrum illustrations of simplest
2D model in Eq.6. The full-OBC energy spectrum(Blue) lies
inside x-OBC/y-PBC energy spectrumo(Orange) lying inside
double-PBC energy spectrum(cyan) for varying ky with 2D
and 3D plotted in (a) and (b) respectively. The loop projected
from varying ky complex energy for a fixed band under x-
PBC(black) and x-OBC energy(orange) are plotted in (c). A
second-order skin mode locating at one corner is show in(d).
The parameters: tx = ty = 1, γx = γy = 0.8.
for a fixed x-PBC(black) and x-OBC energy(orange) in-
dicates the skin effect along y-direction and second-order
skin effect respectively. Therefore it’s indeed that second-
order skin effect is original from two point gap topology
along two direction with first-order skin effect.
As the simplest 2D model mentioned , we can easily
read single y-layer Hamiltonian(see section. III. A) Hs
from H2D in Eq.6 which is a Hatano-Nelson model[80]
Hˆ2Ds =
∑
x
[cˆ†x+1,yt
x
+cˆx,y + cˆ
†
x−1,yt
x
−cˆx,y]
We can solve out βx =
√
tx+
tx−
eik forming a circular gen-
eralized Brillouin zone and the OBC energy spectrum
(k) = 2
√
tx+t
x− cos k which lies in the loop PBC energy
spectrum P (kx) = t
x
+e
−ikx + tx−e
ikx indicating the skin
effect along x-direction. Since the internal freedom is 1
in this model, we can directly obtain the effective Hamil-
tonian for second-order skin effect
Heff (ky) =
∑
k
(ty−e
−iky + (k) + ty+e
iky ) (7)
For each fixed k value, the complex energy spectrum
sketches a loop C(k) for which (k) assigns the loop cen-
ter varying in
{−2√tx+tx−, 2√tx+tx−}. According to the
topological origin of the first-order skin effect[52], each
loop C(k) surrounds the corresponding second-order skin
modes localized on one corner(Fig.2(d)) under both x-
OBC/y-OBC.
4III. NESTED TIGHT-BINDING FORMALISM
FOR SECOND-ORDER PHASE
A. The general form of nested tight-binding method
A simplest perspective to give the second-order cor-
ner states is working out the localized states one-by-one
along two related direction. It means that we will put
the localized information of one direction into the other,
for which we call the nested producer. With the lat-
tice tight-binding model nature, our general formalism
for second-order behavior is called nested tight-binding
formalism.
A generic tight-binding 2D Hamiltonian with Lx, Ly
lattice sites andRx, Ry hopping range along x, y direction
respectively and q internal freedom on each site is
Hˆ =
Lx∑
x=1
Ly∑
y=1
q∑
µν=1
[ Rx∑
i=−Rx
cˆµ†x+i,yt
x
i,µν cˆ
ν
x,y
+
Ry∑
j=−Ry
cˆµ†x,y+jt
y
j,µν cˆ
ν
x,y
]
(8)
We first deal with a fixed single y-layer
Hˆy =
Lx∑
x=1
q∑
µν=1
Rx∑
i=−Rx
cˆµ†x+i,yT
x
i,µν cˆ
ν
x,y (9)
where T xi,µν = t
x
i,µν , i 6= 0 and T x0,µν = tx0,µν + ty0,µν . The
above Hamiltonian can be solved out qLx right eigenvalue
solutions with energies µ(βα)
|ΦR,µα,y 〉 =
Lx∑
x=1
N∑
j=1
βxα,j |φRj,µα,y 〉 |x〉 :=
Lx∑
x=1
q∑
ν=1
φ˜R,µναx |ν〉 |x〉
(10)
where α = 1, 2, . . . , Lx, µ = 1, 2, . . . , q represent the band
index and we denote that φ˜R,µναx contains all the contri-
butions from solutions β
′
js with its multiply sj of which
the detail is in the Ref [81] and we will not elaborate here
since we just focus on the general form of the solution. If
we impose PBC along x-direction, we will reminisce the
standard Bloch theorem with kx := −i log βα = 2piLxα, α =
0, 1, . . . , (Lx− 1), while if imposing OBC we extended to
the generalized Bloch theorem. In non-Hermitian sys-
tem, |βα| 6= 1 of the continuous bulk bands does indicate
the skin effect for bulk bands.
Using biorthogonal relation of the eigenstates, we
can diagnose the single-particle Hamiltonian Hy of sin-
gle y-layer system in Eq.8 to digonal eigenenergy matrix
{µ(βα)} in the right eigenstates basis
{
ΦR,µα,y
}
(see Ap-
pendix.B for details)
 = U†L ·Hy · UR (11)
The remain inter layer hopping term along y-direction of
total Hamiltonian are also similarly transformed by
Tyj = U
†
L · T yj · UR (12)
where (Tyj )αµ,βν =
∑Lx
i=1
∑q
ρ,σ=1 φ˜
L,µρ∗
αi (t
y
j )ρσφ˜
R,νσ
βi with
α = 1, . . . , Lx and j = −Ry, . . . , 0ˆ, . . . , Ry(see Ap-
pendix.B)
T yj =
t
y
j . . . 0
...
. . .
...
0 . . . tyj

Lx×Lx
tyj =
t
y
j,11 . . . t
y
j,1q
...
. . .
...
tyj,q1 . . . t
y
j,qq

q×q
We final arrive at a 1D effective Hamiltonian along y-
direction under the biorthogonal basis along x-direction
Hˆeff =
Ly∑
y=1
Ry∑
j=−Ry
Lx∑
αβ=1
q∑
µν=1
ΦˆR,µ†α,y+j · (Tyj )αµ,βν · ΦˆL,νβ,y
(13)
where ΦˆR,µ†α,y =
∑Lx
x=1
∑q
ν=1 φ˜
R,µν
αx cˆ
ν†
x,y and Φˆ
L,ν
β,y is the an-
nihilated operator of the corresponding biorthogonal left
eigenstate. (see Appendix B ).
Our nested tight-binding formalism is analytically
valid to investigate TT and hybrid ST modes when the
edge states subspace block of Tyj is blocked independent
from the bulk block, in other word, the topological edge
states are not coupling with (skin)bulk states along x-
direction. Fortunately, our nested tight-binding formal-
ism is valid for the typical four-band model(complete
block diagonal for typical parameter choose) to analyt-
ically obtain TT and ST corner modes which can nat-
urally reduce to Hermitian case for second-order topo-
logical corner modes. Moreover, the block diagonal re-
sult also appears in the 2D model with extrinsic second-
order ST states[78]. For the skin bulk block part, the
Heff induces the pure second-order skin effect which is
the result of combining with skin effect along another y-
direction, namely bulk block of Heff also has nontrivial
winding topology indicating the existence of skin effect.
The simplest 2D model with pure SS modes has already
been given in section .II.B, whose effective Hamiltonian
is easily obtained as Eq.7. Although it’s hard to analy-
sis the SS modes for more complicated model due to the
complexity of bulk skin states, the numerical result also
can indicate the SS modes, such as in Fig.2. In addi-
tion, a deeper sight for SS modes has been just proposed
in related work[82]. Hence, we will focus on the widely
analysable ST and TT modes hereinafter.
5B. The four-band model
Consider a 2D non-Hermitian four-band model[75,
77]
H(~k) =

0 0 H1,− −H4,−
0 0 H∗3,− H
∗
2,−
H∗1,+ H3,+ 0 0
−H∗4,+ H2,+ 0 0
 (14)
where Hj,± = tx ± δj + λeikx for j = 1, 2 and Hj,± =
ty ± δj + λeiky for j = 3, 4 and we set tx = ty = t
for simplicity. The Hermitian counterpart of this model
(δj = 0, j = 1, 2, 3, 4) has already been investigated
in Ref[19, 27]. Without any other parameters assign-
ment, this Hamiltonian only preserves sublattice symme-
try with S−1H(k)S = −H(k), S = τz.
we first set δ1 = −δ2 = −δ3 = δ4 = γ, from which we
have reproduced the model investigated in Ref[75] with
net nonreciprocities for both x and y-direction, i. e.
H(~k) = (t+ λ cos kx)τx − (λ sin kx + iγ)τyσz
+ (t+ λ cos ky)τyσy + (λ sin ky + iγ)τyσx (15)
Except sublattice symmetry, this Hamiltonian also pre-
serves mirror-rotation symmetry M−1xy H(kx, ky)Mxy =
H(ky, kx) with Mxy = C4My, while the Hermitian coun-
terpart of this model preserves both mirror symmetries
Mx = τxσz,My = τxσx and four-fold rotational symme-
try C4 = [(τx − iτy)σ0 − (τx + iτy)(iσy)].
Using our nested tight-binding method, we first
study a single x-layer Hamiltonian
Hˆs =
Ly∑
y=1
(cˆ†ym0cˆy + cˆ
†
yt
+
y cˆy+1 + cˆ
†
yt
−
y cˆy−1) (16)
where
m0 = t(τx + τyσy) + iγ(τyσx − τyσz)
t+y =
λ
2
(τyσy − iτyσx)
t−y =
λ
2
(τyσy + iτyσx)
As usual produce, we assume the eigenstate of the OBC
Hamiltonian is
|ψ〉 =
Ly∑
y=1
βy |y〉 |φ〉
where |φ〉 is a 4-component column vector representing
the internal freedom. From the eigenequation Hˆs |ψ〉 =
 |ψ〉, we can read the characteristic equation of the bulk
equation
det(t−y β
−1 +m0 + t+y β) = 0
which gives
1
β2
[λ(t+ γ)β2 + (2t2 − 2γ2 + λ2 −E2)β + λ(t− γ)]2 = 0
The four nonzero finite solutions have the relation
β1β2 = β3β4 =
t− γ
t+ γ
Combining with the continuous condition[44, 47], we ob-
tain
β1 = β2 = β3 = β4 =
√
t− γ
t+ γ
which indicates the left-localized bulk skin effect along
y-direction(the same for x-direction).
In momentum space, the Hamiltonian of this model
is
Hs(ky) = t(τx + τyσy) + iγ(τyσx − τyσz)
+ λ cos kyτyσy + λ sin kyτyσx (17)
Although above Hamiltonian possesses four edge states
under OBC, it’s topological trivial since the edge states
can be continuously absorbed into bulk due to the
nonzero energy values but it contributes to the second-
order corner localized behavior. We emphasis that the
1D Hamiltonian in Eq.15 with kx being parameter is also
topological trivial, therefore we must search the second-
order topological behavior for further step.
We now find the edge solutions of Hamiltonian Hs
under OBC and consider the left semi-infinite localized
states first[38, 81]. The bulk and boundary equations are
(t−y β
−1 +m0 + t+y β) |φ〉 =  |φ〉 (18)
(m0 + t
+
y β) |φ〉 =  |φ〉 (19)
We can easily read |φ〉 the kernels of t−y which are
|u1〉 = u1 · |σ〉
|u2〉 = u2 · |σ〉
where u1 = (0, 0, 0, 1), u2 = (0, 1, 0, 0) and we denote
|σ〉 = (|1〉 , |2〉 , |3〉 , |4〉)T as the internal freedom par-
ticles. Put again the linear combination of |u1,2〉 into
the bulk equation, we can obtain β1 = − t−γλ and ± =
±√(t+ γ)(t− γ) which are corresponding to the solu-
tions
|φ±L 〉 = |u1〉 ± r |u2〉 := φ±L · |σ〉
6where r =
√
t+γ
t−γ . Therefore we obtain two left-localized
solution with respect energies ±
|ψ±L 〉 =
Ly∑
y=1
βy1 |y〉 |φ±L 〉 (20)
In addition, the left-localized condition |β1| < 1 guar-
antees the above solutions automatically satisfying the
right boundary equation for lager enough Ly. In the
same way, we can solve the right-localized solutions with
respect energies ±
|ψ±R〉 =
Ly∑
y=1
β
−Ly+y
2 |y〉 |φ±R〉 (21)
where β2 = − λt+γ and
|φ±R〉 = |v1〉 ± r−1 |v2〉 := φ±R · |σ〉
with
|v1〉 = v1 · |σ〉
|v2〉 = v2 · |σ〉
where v1 = (0, 0, 1, 0), v2 = (1, 0, 0, 0).
We find that the numerical result of U†L · Tx · UR
and U†L ·T †x ·UR are both block-diagonal with each block
is a 4 × 4 matrix in this model, therefore we can inde-
pendently deal with the edge state subspace. However,
we have to find the correspondence left eigenstates re-
spect to the known right eigenstates |ψ±L,R〉 due to the
biorthogonal normalization of non-Hermitian Hamilto-
nian. So we will solve the edge states for eigenequation
HˆTs |ψ
′〉∗ =  |ψ′〉∗. In the same way with the solving for
right eigenstates, we can final obtain the left eigenstates
with respect energies ± and left or right-localization
|ψ′±L 〉
∗
=
Ly∑
y=1
β−y2 |y〉 |φ
′±
L 〉 (22)
|ψ′±R 〉
∗
=
Ly∑
y=1
β
Ly−y
1 |y〉 |φ
′±
R 〉 (23)
where
|φ′±L 〉 = |u1〉 ± r−1 |u2〉
|φ′±R 〉 = |v1〉 ± r |v2〉
Construct the biorthogonal diagonalized matrices of the
edge subspace
UedgeR =
(
(φ+L)
T , (φ−L )
T , (φ+R)
T , (φ−R)
T
)
Uedge†L =
(
φ
′+
L , φ
′−
L , φ
′+
R , φ
′−
R
)T
After biorthogonal normalizing for right and left eigen-
states, we can acquire the effective edge subspace Hamil-
tonian
Hedgej =
Lx∑
x=1
(φˆj†x 0φˆ
j′
x + φˆ
j†
x t
+
j φˆ
j′
x+1 + φˆ
j†
x+1t
−
j φˆ
j′
x ) (24)
where j = L,R corresponding to left or right-localized
sub-subspace and
φˆj†x = (φˆ
j+†
x , φˆ
j−†
x )
φˆj
′
x = (φˆ
j+′
x , φˆ
j−′
x )
T
with
φˆj±†x =
Ly∑
y=1
Njβy−δLyj (cˆ1†x,y, cˆ2†x,y, cˆ3†x,y, cˆ4†x,y) · (φ±j )T
φˆj±
′
x =
Ly∑
y=1
Njβy−δLyj φ
′±
j · (cˆ1x,y, cˆ2x,y, cˆ3x,y, cˆ4x,y)T
and j = 1, 2, δ = 0, 1 respect to j = L,R, Nj are the
normalized coefficients
NL = [2
Ly∑
y=1
(β1β
−1
2 )
y]−
1
2
NR = [2
Ly∑
y=1
(β−11 β2)
−Ly+y]−
1
2
The hopping matrices are given by
0 =
√
(t+ γ)(t− γ)σz
and
t± = uL · t±x · uTR =
[
t±L 0
0 t±R
]
where we can directly calculate to obtain
t±L =
λ
2
r±
[
1 ∓1
±1 −1
]
(25)
t±R =
λ
2
r±
[
1 ±1
∓1 −1
]
(26)
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FIG. 3. Complex energy spectrum illustrations of four band
model in Eq.15 with parameters t = 0.6, λ = 1.5, γ = 0.4.
(a)The kx dependence x-PBC/y-PBC(cyan) complex energy
spectrum, in which x-PBC/y-OBC(orange) bulk spectrum
lies. The isolated edge spectrum can be projected into two
loops in 2D plane which is plotted in (b), deducing the
ST modes lying in the orange loop(black line) and zero SS
modes(black point on origin). The localized behavior for typ-
ical zero SS corner mode and ST mode are plotted in (c) and
(d) respectively.
Transforming the edge effective Hamiltonian Eq.24
into momentum space
Hedgej (kx) = t
−
j e
−ikx + 0 + t+j e
ikx (27)
the energy spectrum under PBC can be read as
2j (kx) = t
2 − γ2 + λ2 + λ[(t+ γ)e±ikx + (t− γ)e∓ikx ]
where j = L,R corresponding to ± respectively. They
sketch loops in the complex energy plane located on
both side imaginary axis(Fig.3(b)), which is exactly pro-
jected from the kx dependence x-PBC/y-OBC edge sub-
space spectrum( isolated orange line in Fig.3(a)) and in-
dicates the bulk skin effect for Hedgej under OBC along x-
direction deducing the ST mode and TT zero modes[77],
i. e. black line lying in orange loop and zero black point
in Fig.3(b) respectively which is exactly the part of com-
plex energy spectrum under full-OBC. The skin effect
indicator for Hedgej is also ρ =
√
t−γ
t+γ which manifests all
the bulk states locating on the left side. Together with
the edge subspace along y-direction, we deduce that the
four zero energy TT modes are located on the four cor-
ners and the ST modes are located on the low-left and
up-left corner when λ > t − γ, t + γ. The four localized
factors for low-left(LL), low-right(LR), up-left(RL) and
up-right(RR) zero corners can be write as
|Ψij〉 =
Lx∑
x=1
ρxi (|ψ+j 〉 ± |ψ−j 〉) |x〉
=
Lx∑
x=1
Ly∑
y=1
ρxi β
y
j (|φ+j 〉 ± |φ−j 〉) |x〉 |y〉 (28)
where i, j = L,R represents the localized behavior for x
and y-direction respectively and ρ1 = β1, ρ2 = β2.
However the TT modes are all numerically located
on the low-left corner(Fig.3(c)) while the ST modes on
low-left corner with larger amplitude and low-right and
up-left corners with smaller amplitude(Fig.3(d)). In ad-
dition, the four zero energy second-order skin modes are
also all located on the low-left corner by numerical result.
The analytical and numerical results are seemly not con-
sistence but we notice that the linear combinations of
energy degenerated states are also the eigenstates of the
Hamiltonian with the same energy, for which we just per-
form a basis transformation. Based on this consideration,
we can make our analytical and numerical results consis-
tent and we will illustrate this manifestation below.
Let us focus on the 1D Hamiltonian Eq.24 to ex-
plore the tiny different between analytical and numerical
result. Following the produce of Eq.18-20, we can an-
alytically figure out the topological zero edge modes for
Hedgej under OBC and write the two zero modes of H
edge
L
as an example
ψ0,L =
Ly∑
y=1
(− t− γ
λ
)y(1, 1)T
ψ0,R =
Ly∑
y=1
(− λ
t+ γ
)y(1,−1)T (29)
The two solutions are located on left and right side along
x-direction for λ > t − γ, t + γ. However the two nu-
merical edge modes are dramatically both located on left
side when we set parameters as t = 0.6, γ = 0.4, λ = 1.5.
After comparing carefully these solutions, it’s been found
that the numerical solutions are indeed the precisely lin-
ear combination of the analytical two
ψ0 = ±αLψ0,L − αRψ0,R
but the coefficient αR is extremely small comparing with
αL so that the two zero modes are both located on left
side. In addition, the two combination solutions are not
necessary orthogonal normalization since it’s biothogonal
in non-Hermitian system. Although the different between
analytical and numerical result, the topological invari-
ant winding number just characters the number of zero
modes not the localized behavior which depends on the
choose of linear combination.
Motivated by the 1D case, the four low-left corner
localized second-order zero modes of our model can be
obtained by linear combination of the analytical four cor-
ner localized zero modes
|Ψk〉 =
∑
i,j=L,R
αkij |Ψij〉 (30)
8where k = 1, 2, 3, 4 denotes the four zero corner modes.
The dominant of the coefficient αLL induces the final low-
left corner localized for the four zero modes. For the ST
modes, due to the mirror rotation symmetryMxy, we also
can analytically obtain ST modes by considering single
y-layer x-direction tight-binding model first, which will
arrive at low-left and low-right localized ST modes with
degenerated energies for above ST modes. By properly
combining this ST modes with degenerated energy, we
can interpret the numerical ST modes behavior.
In general, it’s analysable when we take |δ1| = |δ2|
and |δ3| = |δ4| and at least one direction net nonrecipro-
cical. The coupling constant between neighbor lattice
can also be different in general, i.e. λ1, λ2 for x and
y-direction respectively. Following our nested tight bind-
ing method, we first solve the direction with net non-
reciprocity for a single layer such as x-direction. It’s
well known that
√
| tx−δ1tx−δ2 | < (>)1 indicates the bulk skin
modes located on left (right) side along x-direction which
indeed suggests the net nonreciprocity δ1 6= δ2 relevant
to the skin effect. Moreover, the localized behavior of
analytical edge states is decided by β1 = − tx−δ1λ1 and
β2 = − λ1tx−δ2 under the nonreciprocity condition. As de-
rived in Ref[44], the merging-into-bulk condition is the
topological phase transition point
|β1| = |β2| =
√
| tx − δ1
tx − δ2 | (31)
this gives (tx − δ1)(tx − δ2) = ±λ21. Noticing the nonre-
ciprocity condition δ1 = −δ2 = γ1, the topological phase
edge for x-direction is t2x − γ21 = ±λ21.
Fortunately, the edge states subspace block effective
Hamiltonian is independent from bulk subspace as long
as one direction is net nonreciprocity for our four-band
model. Following the above derivation for phase edge,
we can obtain the similar result for edge states subspace
block effective Hamiltonian t2y− γ22 = ±λ22. Therefore we
will recover the phase diagram t2 − γ2 = ±λ2 in Ref[75]
with tx = ty = t and γ1 = γ2 = γ. Moreover, we will in-
troduce other parameters choose for the four-band model
in Appendix. C.
C. The 2D model with extrinsic ST modes
We further consider a 2D model possessing extrin-
sic second-order phase whose second-order topological in-
variant has been given in Ref [78]. However the ST modes
from TT modes has not been distinguished, which we still
use our nested tight binding method to deal with. The
Hamiltonian[78] of this model has simply two internal
freedom
He(~k) = 2tx cos kxτ0 − 2igx sin kxτz
− 2ity cos kyτy − 2igy sin kyτx (32)
-2 -1 0 1 2-3
-2-1
0
1
2
3
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Im
(Ε)
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FIG. 4. (a)Complex energy spectrum for Hx(kx) un-
der PBC(orange) surrounding that under OBC(black).
(b)Complex energy spectrum under full-OBC for He(k). The
parameters are same with Ref[78]: tX = 1, gx = 0.9, ty =
0.8, gy = 0.7.
The complex energy spectrum for single y-layer Hamil-
tonian Hx(kx) forms a loop which indicates skin effect,
while Hy(ky) forms pure imaginary lines suppressing skin
effect. For simplicity, we start from Hy(ky) with just
two localzied zero topological states due to the sublat-
tice symmetry and line gap[54, 55]
Hy(ky) = −2ity cos kyτy − 2igy sin kyτx (33)
We can easily work out the two localized zero modes with
odd lattice site(see Appendix.D for even site and details)
|ψL〉 =
Ly/2∑
y=1
β2y−1 |2y − 1〉φL
|ψR〉 =
Ly/2∑
y=1
β−Ly+2y |2y − 1〉φR (34)
where |β| =
√
ty−gy
ty+gy
with ty > gy and φL = (0, 1)
T , φR =
(1, 0)T . Hence, it’s easily obtain the edge states subspace
effective Hamiltonian, which is blocked independent with
the bulk and supported by the numerical result. Actually,
the effective edge Hamiltonian is exactly the transposi-
tion ofHx(kx) under OBC after similarity transformation
by the biorthogonal edge states matrix(see section III. B
and Appendix.B)
Heff (kx) = 2tx cos kxτ0 + 2igx sin kxτz (35)
Therefore the loop complex spectrum of Heff (kx)
under PBC(orange loop in Fig.4(a)) surrounds skin bulk
complex spectrum under OBC(black part in Fig.4(a))
which is also the second-order corner localized modes
under full-OBC(center part in Fig.4(b)). The different
between analytical and numerical spectrum is due to the
finite lattice site which is change with different site num-
ber and will be insistence in the thermodynamic limit.
According to the left(right) localized behavior of the skin
modes of Heff (kx) under OBC, we can exactly deduce
9the low-left(up-right) corner modes[78]. We emphasize
that the corner modes in this model is categorized into
hybrid x-skin and y-topological ST modes[77] rather than
pure SS or TT modes. The extrinsic feature is due to the
extended Hermitian Hamiltonian[78] preserving only chi-
ral symmetry without any crystal symmetry leading the
termination dependence for second-order corner modes.
IV. CONCLUSION AND DISCUSSION
In this paper, we construct the nested tight-binding
formalism to exactly deduce the second-order corner lo-
calized behavior modes. In the sense of identifying the
protected zero edge states and nonzero edge states iso-
lated from continuous bulk, it has been discovered that
the corner modes are classified to three types[77]: (i)
Pure second-order skin effect(SS) modes which is the re-
sult of first skin effect both along two direction. (ii) The
pure second-order topological(TT) corner modes which
inherits from Hermitian system are interplay between
two localized behavior both along two direction. No-
tice that we should distinguish the topology for edge
states from that for skin effect, in which the former in-
herits from Hermitian counterpart and the latter is pure
non-Hermitian product. (iii) The most charming hy-
brid skin-topological(ST)[77] which are the interplay be-
tween edge states and nonzero winding number induc-
ing skin effect, in other word, the Hermitian ramifica-
tion and pure non-Hermitian product.Utilizing the nested
tight-binding method,we have strictly illustrated the sim-
plest 2D model(Eq.6) with pure SS modes,the ST corner
modes for four-band model(Eq.15) and the extrinsic ST
corner modes for a 2D model given in Ref[78].More pre-
cisely,we have obtained the complete zero TT corner so-
lutions for four-band model(Eq.15).
The typical zero corner modes are numerically un-
broken for the relevant crystal symmetry transformation
Mxy for four-band model, while the zero corner modes
are unbroken at only one symmetry in Hermitian case
since Mx and My are anticommucation. The numerical
unbroken modes are the linear combination of our analyt-
ical zero corner modes located on each corner. The un-
derlying physics for numerically unbroken corner states
remains to be explored. More precisely, the nonzero edge
states for one direction is not topological which can be
absorbed into the bulk by continuous transformation[75],
leading the unstable zero corner modes. This instability
perhaps is the original of extrinsic second-order corner
modes[78] which is left for the future work. Moreover,the
mechanism of bulk-edge separation after biorthogonal
transformation in the nested tight-binding formalism is
perhaps related to the crystal symmetry mathematically,
which also remains for future work.
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Appendix.A: The exact eigenstates of 1D
tight-binding model
Without loss of generality, any first-order tight bind-
ing model can be ascribed to a 1D tight-binding model
with the edge parallel momentums k‖ regard as the pa-
rameters.
Hˆ =
∑
ij,µν
cˆ†iµHij,µν(k2, ...kd, λ
‘s)cˆjν (36)
where we choose the first axis with OBC, k2, ...kd, λ
‘s
are all parameters and omit the internal freedom simi-
larly. The Hamiltonian of a 1D tight-binding model with
hopping range −R → R and internal freedom q on each
lattice site is
Hˆ =
L∑
n=1
R∑
i=−R
q∑
µ,ν=1
cˆµ†n+iti,µν cˆ
ν
n (37)
Assuming the solution is
|Φ〉 =
L∑
n=1
|φn〉 |n〉 =
L∑
n=1
q∑
µ=1
βnφµ |µ〉 |n〉 (38)
with the eigenvalue equation Hˆ |Φ〉 = E |Φ〉, we obtain
the bulk equation
q∑
ν=1
H(β)µνφν :=
q∑
ν=1
R∑
i=−R
ti,µνβ
iφν = Eφµ (39)
and the characteristic equation
det(
R∑
i=−R
ti,µνβ
i − E) = 0 (40)
From the above linear equation set of φ′s, we can linearly
express the (q − 1) φ′s by the remain one
φµ = Jνµ(β)φν µ = 1, 2, . . . νˆ, . . . , q ν = 1, 2, . . . , q
(41)
The characteristic equation of bulk equation can be
solved resulting 2qR roots of β in general in which we
briefly ignore the multiple roots case(it has be well stud-
ies in Ref[81]). Now the full solution is
|Φ〉 =
L∑
n=1
q∑
µ=1
|φnµ〉 |n〉 =
L∑
n=1
q∑
µ=1
2qR∑
j=1
βnj φ
j
µ |µ〉 |n〉 (42)
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Imposing the boundary condition both on left and right
boundaries
R∑
i=−s
ti |φs+i〉 = E |φ1+s〉
s∑
i=−R
ti |φL−s+i〉 = E |φL−s〉 (43)
where s = 0, 1, . . . , (R−1). It’s equivalent to more handy
form
|φ0〉 = |φ−1〉 = . . . = |φ−R+1〉 = 0
|φL+1〉 = |φL+2〉 = . . . = |φL+R〉 = 0 (44)
with the full solution we obtain
2qR∑
j=1
β−sj φ
j
µ = 0, s = 0, 1, . . . , (R− 1), µ = 1, 2, . . . , q
2qR∑
j=1
βL+sj φ
j
µ = 0, s = 1, . . . , R, µ = 1, 2, . . . , q
Using Eq.41 and fixing a ν, we obtain
2qR∑
j=1
fsµ(βj , E)φ
j
ν = 0, s = 0, 1, . . . , (R−1), µ = 1, 2, . . . , q
2qR∑
j=1
gsµ(βj , E)β
L
j φ
j
ν = 0, s = 1, . . . , R, µ = 1, 2, . . . , q
(45)
where
fsµ(βj , E) = Jνµ(βj)β
−s
j
gsµ(βj , E) = Jνµ(βj)β
s
j
We can denote the 2qR functions fsµ and gsµ as
fj , gj , j = 1, 2, . . . , qR respectively and then the bound-
ary requires[47]
det
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
f1(β1, E) . . . f1(β2qR, E)
...
. . .
...
fqR(β1, E) . . . fqR(β2qR, E)
g1(β1, E)β
L
1 . . . g1(β2qR, E)β
L
2qR
...
. . .
...
gqR(β1, E)β
L
1 . . . gqR(β2qR, E)β
L
2qR
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (46)
When we sort |β1| 6 ... 6 |βqR| 6 |βqR+1| 6 ... 6 |β2qR|
and take limitation L → ∞, the boundary condition
restricts two type β solutions: discrete and continuous
types corresponding to edge if exists and bulk states re-
spectively.
If |βqR| < |βqR+1|, only one leading order term can
survives when take L→∞ in Eq.46
F (βi∈P1 , βj∈Q1 , E) := det
∣∣∣∣∣∣∣
f1(β1, E) . . . f1(βqR, E)
...
. . .
...
fqR(β1, E) . . . fqR(βqR, E)
∣∣∣∣∣∣∣
×
∣∣∣∣∣∣∣
g1(βqR+1, E) . . . g1(β2qR, E)
...
. . .
...
gqR(βqR+1, E) . . . gqR(β2qR, E)
∣∣∣∣∣∣∣ = 0 (47)
where P1 = {β1, . . . , βqR} , Q1 = {βqR+1, . . . , β2qR}. The
above equation gives discrete β
′
s deducing the topolog-
ical edge states if the Hamiltonian falls into nontrivial
topological phase.
If |βqR| = |βqR+1|, there will be two leading order
terms surviving. Let P0 = {β1, . . . , βqR−1, βqR+1} , Q0 =
{βqR, βqR+1 . . . , β2qR}, then the continuous β′s are
given[47]
F (βi∈P1 , βj∈Q1 , E)
F (βi∈P0 , βj∈Q0 , E)
=
(
βqR
βqR+1
)L
(48)
Following the above logic, we can obtain the bulk band
spectra(or continuous band spectra) and generalized Bril-
louin zone(GBZ) [79] as
Ebulk = {E ∈ C : |βqR(E)| = |βqR+1(E)|}
Cβ = {β ∈ C : ∀E ∈ Ebulk, |βqR(E)| = |βqR+1(E)|}
(49)
We emphasize that the GBZs depends on Riemann en-
ergy spectrum sheet µ = 1, 2, . . . , q in general. In other
word, there are q GBZs Cµβ one-to-one correspondence to
q Riemann energy spectrum sheet(i.e. complex energy
bands) Eµ deduced from the q internal freedom. How-
ever the multiply GBZs are degenerated in some simple
model, such as non-Hermitian SSH model[44]. In this
paper, we only consider the degenerated GBZs or sin-
gle band model leaving the multiply GBZs for numerical
calculation in future work.
The above process to solve the eigenstates in non-
hermitian system is the non-Bloch band theory without
any symmetry constraint proposed in Ref.[47],which has
been extended to symplectic class[83, 84] and Z2 skin
effect[51] recently.
Appendix.B: Biorthogonal Diagonalization of the
single y-layer Hamiltonian
The qLx eigenvalue solutions in main text can also
be write as creation fermion operators
ΦˆR,µ†α,y =
Lx∑
x=1
q∑
ν=1
φ˜R,µναx cˆ
ν†
x,y (50)
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where φ˜R,µναx is the xν-th row component of αµ-th right
eigenstate for general non-Hermitian system. We define
the right eigenstate matrix
UR =
 φ˜
R,11
11 . . . φ˜
R,11
Lxq
...
...
...
φ˜R,Lxq11 . . . φ˜
R,Lxq
Lxq
 (51)
and
cˆy = (cˆ1,y, . . . , cˆ1,y, . . . , cˆLx,y, . . . , cˆLx,y)
T
cˆ†y = (cˆ
1†
1,y, . . . , cˆ
q†
1,y, . . . , cˆ
1†
Lx,y
, . . . , cˆq†Lx,y)
ΦˆR†y = (Φˆ
R,1†
1,y , . . . , Φˆ
R,q†
1,y , . . . , Φˆ
R,1†
Lx,y
, . . . , ΦˆR,q†Lx,y)
ΦˆLy = (Φˆ
L,1
1,y , . . . , Φˆ
L,q
1,y , . . . , Φˆ
L,1
Lx,y
, . . . , ΦˆL,qLx,y)
T
then
ΦˆR†y = cˆ
†
y · UR (52)
Solving Hˆ† with similar manner for Hˆ, we can obtain the
left eigenstates with the equations
ΦˆL†y = cˆ
†
y · UL
ΦˆLy = U
†
L · cˆ (53)
and the biorthogonal relation
UR · U†L = UL · U†R = 1ˆ (54)
The inverse relation between two fermion operators is
then
cˆ†y = Φˆ
L†
y · U†L
cˆy = UR · ΦˆRy (55)
The result transforming to the diothogonal basis for the
single y-layer single-particle Hamiltonian Hˆy is
 = U†L ·Hy · UR
Hˆy = Φˆ
R†
y ·  · ΦˆLy (56)
where
Hy =

T x0 . . . T
x
Rx
. . . 0
...
. . .
...
. . .
...
T x−Rx . . . T
x
0 . . . T
x
Rx
...
. . .
...
. . .
...
0 . . . T x−Rx . . . T
x
0

T xi =
T
x
i,11 . . . T
x
i,1q
...
. . .
...
T xi,q1 . . . T
x
i,qq

 =

1(β1) . . . 0 . . . 0 . . . 0
...
. . .
...
. . .
...
. . .
...
0 . . . q(β1) . . . 0 . . . 0
...
. . .
...
. . .
...
. . .
...
0 . . . 0 . . . 1(βLx) . . . 0
...
. . .
...
. . .
...
. . .
...
0 . . . 0 . . . 0 . . . q(βLx)

Notice that the last q eigenvalues are edge states en-
ergy for nontrivial phase which will deducing the ST
modes and TT corner modes. For Hermitian case, the
biorthogonal relation reduces to U†L = U
−1
R , inducing
that the diagonal process become standard in linear al-
gebra  = U−1 ·Hy · U .
Appendix.C: Other parameters chosen for four-band
model
If we set δ1 = δ2 = −δ3 = δ4 = γ, the net nonre-
ciprocity only exists along y-direction. The Mxy is bro-
ken in this case. The corner modes in this case contain:
four second-order topological(TT) zero modes and TS
modes while the SS modes are absent. This case is al-
most the same as the double nonreciprocity case in the
edge subspace, in which the tiny different is the form of
edge states
|φ±L 〉sn = |u1〉 ± r |u2〉
|φ±R〉sn = |v1〉 ± r |v2〉
The different edge effective Hamiltonian with double non-
reciprocity is then deduced
t±L =
λ
2
r∓
[
1 ∓1
±1 −1
]
(57)
t±R =
λ
2
r±
[
1 ±1
∓1 −1
]
(58)
The double reciprocity case: δ1 = δ2 = −δ3 = −δ4 =
γ. The Mxy is also broken in this case. Unfortunately,
the effective Hamiltonian is not block diagonal in numer-
ical result. Therefore we cannot give the TT and TS
modes analytically at present, but the numerical plots is
obvious in Ref[77]. Meanwhile the SS corner modes are
also absent.
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Asymmetry case: δ1 = δ2 = 0 or δ3 = δ4 = 0 while
the other direction is nonreciprocity. The mirror symme-
try Mx or My is restored. The TT and ST corner modes
are present while SS modes absent.
Hermitian case: δ1 = δ2 = δ3 = δ4 = 0. Both
Mx and My are restored as well as the fourfold rotation
symmetry C4, the only existence corner modes are TT
zero modes.
Non-hermitian onsite gain and loss case: δ1 = δ2 =
δ3 = δ4 = 0 with adding term −iuτz, the C4 is restored
and the only existence corner modes are TT zero modes.
Appendix.D: Edge states for 2D extrinsic model
The zero edge modes has very simply form for
Hy(ky) in main text when the lattice site is odd num-
ber. The bulk equation for the Hamiltonian is
Det(t+y β + t
−
y β
−1) = 0
where
t+y =
[
0 −ty − gy
ty − gy 0
]
t−y =
[
0 −ty + gy
ty + gy 0
]
Due to the boundary condition
t+y φ2 = 0
t−y φLy−1 = 0
the amplitude for exact zero edge states are destroyed on
even lattice site which is consistence with the numerical
result. The similar amplitude destruction is also found
in Ref[43]. Utilize bulk equation to obtain β =
√
ty−gy
ty+gy
,
the two edge states are give by Eq.34 in main text.
For even lattice site number, the exact edge solutions
has same form with odd site case when the site number is
large enough. However, the numerical results are tended
to lineally combining the two localized edge states, which
final numerically results in the diagonal corners localized
corner modes. In addition, the edge states form is also
valid for the Hamiltonian Hx(kx) along x-direction under
OBC.
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